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INTRODUCTION

Let CJ0, 1] be the space of all complex valued continuous functions with
the norm

(/1w = sup [f(x)],
x€[0,1]

and L?[0,1], 1 < p << o0, be the space of all complex valued measurable
functions f, for which

s = ([ 1 ax)

is finite. The famous theorem of K. Weierstrass [18] states that the monomials
{1, x, x%,...} are a fundamental sequence in C0, 1], that is, a sequence of
elements whose linear combinations are dense in C[0, 1]. This theorem has
been generalized in two different directions by C. Miintz [13], O. Szdsz [16],
and D. Jackson {8].

Miintz’s theorem states that a sequence of monomials {1, x*1, x*,...} of a
real positive increasing sequence {A;}%_; is fundamental in C[0, 1] if and only
if 31 1/A, diverges. Miintz’s theorem and its L? analog have been extended
for complex exponents A in the following theorem and its corollary.

THEOREM (O. Szdsz). Let A = {A )2, be a sequence of distinct complex
numbers with real parts exceeding —3%. Then the functions {xM, x'2,...} are
Sundamental in 1?[0, 1] if and only if

S I+ 2Re AL+ | A )] = co.
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14 MANFRED V. GOLITSCHEK

Let the real parts of all numbers A, (k = 1, 2,...) be positive. Then the functions
{1, xM, x*,..} are fundamental in C[0, 1], if

<]

,[Re A/(1 + [ A [9)] = oo,

%

and are not fundamental in C[0, 1}, if
2 [(1+ Re A)/(1 + | A )] < o0,
k=1

(For the proof compare aiso R. Paley and N. Wiener [15, Chap. 1I].)
As the continuous functions are dense in L?[0, 1], 1 < p < o0, we easily
obtain the following. (We write L=[0, 1] = C[0, 1].)

COROLLARY. Let A be a sequence of distinct complex numbers with real
parts exceeding a positive number €. Then the functions {1, x, x*,..} are
Sundamental in L?[0, 1], 1 < p << o, if and only if

S (Re Ml A ) = o )

THEOREM (D. Jackson). For each function fe C[0, 1], there exists an
ordinary algebraic polynomial P,, of degree n such that

Hf'— Pn Hoo < wa(ﬁ l/n)a (2)

where K is an absolute real constant and
wa(f; 8) = lsggﬁllf(x +8)— e, 08I,
<

denotes the modulus of continuity of f.

The above Jackson theorem holds also for all L? spaces, | <p < o0,
if in (2) the modulus of continuity is replaced by the analogous L? modulus of
continuity

wo(f; 8) = ﬁ‘;lga“f(x +0—f&,, 0<3d<I,fel?0,1]
where we continue f by f(x) = f(—x) for —1 < x <0, f(x) =f2— x)
for 1 < x < 2. (The theorems of Jackson and Miintz and some other results
we have to apply are usually proved for real valued functions f and real
coeflicients. It is easy to verify that they are also valid in the complex case).

In recent years D. Newman [14], J. Bak and D. Newman [2, 3], T. Ganelius
and S. Westlund [4], D. Leviatan [10], and the author [5, 6] combined the
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theorems of Jackson and Miintz and found several best or almost best
“Jackson-Miintz theorems” for /-polynomials with real exponents /. In
this paper we combine the theorems of Jackson and Szdsz and obtain the
corresponding “Jackson-Miintz-Szdsz theorems” for /-polynomials with
complex exponents /. All results of my earlier papers and almost all results
of the other authors mentioned above can be derived easily as special cases.

1. THE Basic METHOD

Let A = {A;}5_, denote a sequence of distinct complex numbers with
positive real parts. For fe L?[0,1], I < p < o, let

Ef A, = jnf [ 1) — by — 3 b

r

be the degree of best approximation of f in L?[0, 1] by A-polynomials of
“degree” s. For each ordinary algebraic polynomial

Pn(x) = Z AgnX?
g=0

we obtain an upper bound for E(f; 4), , if we replace each monomial x?
(¢ = 1,2,..., n) of P, by its best A-polynomial of degree 5. Thus

Ef )y IS — Pally = 3 | aun | Ex A), . 3
a=1

This is the essential idea. To apply the inequality (3) efficiently (given 4, p, f,
and s) we have to find an appropriate integer » depending on s and a good
approximating polynomial P, with relatively small coefficients a,,
(g = 1,..., n). Such polynomials are provided in the following.

Lemma 1. For any function fe L?[0,1},1 < p < oo, and any n == 1 there
exists an even polynomial P, such that

If — Prnlly < Cowy(f; 1/n), 4
| @ | < Dywy(f; 1n) n®"12[qt, g =1,2,..,nm, &)
(@sr31,n = O for k = 0, 1,...), where C, and D, are absolute constants.
Proof. We define the even function Fe L?[—2, 2] by

fx) for 0 < x

_ <1,
FO=10—% forl<x<2,

640/18/1-2
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Then Jackson’s theorem in L?[—2, 2], 1 < p < o, states that there exists
for any m > 1 an even polynomial P,, , for which

| F— Pplirre2,01 < Cp'wy(F; 1/m) (6)

is satisfied, where C,’ is an absolute constant and w,(F; -) refers to the
interval [—2, 2]. We write w(1/m) = C,'w,(F; 1/m) and define the integer ¢ by
28 < n < 21, For any integers n, , #, with 1 < n; < n, < 2n, , it follows
from a result of G. K. Lebed’ [9] that

il Py, — Py lletan < Dp’n%/m | Pry — Pa, 212,21 5
where D, is an absolute constant. Using (6) we therefore obtain
I Pn2 - Pnl ”C[«l,l] < 2D1,’n;“’w(l/nl).

Finally, applying an inequality of A. F. Timan [17, 4.8.81] we have, for
g=12..,n,

| Gony — Gany | < 2D5'n5 " w(1/ny)/q!. )
As wy(F;8) < Cowy(fi8), 0 <8 <1, we conclude from (6) that the

polynomial P, satisfies (4). Moreover, the coefficients gy, =0
(k = 0, 1,...) since P, is even. Applying (7) and the inequality

t
(@ | <@y, — el + Y 1@ — Gpia | + 1 ay |
j=1

for all even indices g = 2, 4,... we obtain (5). Thus, the proof of Lemma 1 is

complete.
In our next Lemma we give upper bounds for the best approximations

8
X' =Y apx™

k=1

E(x% A), = inf or Ey(x%; A),

a,eC »
of the monomials x?, where ¢ may be any real number exceeding —1/p.
(Analogous results for complex numbers ¢ are also valid.) For the L? norms
with 1 << p < 2 we have inserted a positive number e. This is perhaps
unnecessary, but we can only prove the inequality (11).

LeMMA 2. Let A be a sequence of complex numbers with real parts
exceeding —1/p. Then, for any real number ¢ > —1/p and any integer s > 1,

e __ 1 = Iq—Akl .
B M = oy w11 ®
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B e < T+ 45 ©

8

| q| lqg— A
E(x; ), < A, 10
(. 4) Ga+ 27 Ut mt 2] (10)

SJor 2 < p < oo, where A, = (1 + p/2)}/*+1/%;

2, < e (2-p)/(2D) lfl lg — A
P Qg 4+20 -9 g g+ A +2(0—9)p|
(11)

E(x;

forl <p<2andany 0 < e <1+ pq.
(Here A, denotes the conjugate complex number of A, .)

Proof. The equality (8) has been proved in N. 1. Achieser [1, Sect. 14] by
Hilbert space methods. The inequality (9) has bene proved by the author
[5, pp. 73-74] for real positive numbers ¢ and A, . With little change this proof
is also valid for complex numbers g and A, with positive real parts.

Let 1 <<p < 2, € as above, and y = (2 — p — 2¢)/(2p). Then, for any
complex numbers a, (k = 1,..., 5),

1
([
? ¢

3
xq+v _ 2 akx/\k+v
k=1

s
xu+v o Z akxt\k-(»v
k=1

E(x% ), < H x* — Zs a,x*
k=1

P i/p
dx)

< e—(z—p)/(2p)

b

where we have applied Holder’s inequality. If we choose g, (k = 1,..., 5)
optimally and apply (8), we immediately obtain (11). The inequality (10)
will follow from the next

LeMMmA 3. Let 1 <r<p<+4wo®, ¢ > —1/p, g #0, Red, > —1/p,
Ay =0k = 1,...,5). T here exists a constant A(r, p) depending only on r and p
with the following property: for any complex coefficients a;, (k = 0, 1,..., 5)
satisfying

Mfla

ap =1, (12)

>
I
o

the inequality

1 s 1/p
(f X' —ay— Y apx™ dx)
0 k=1
1 S r 1/r
< | q ] A (f l xq+1/p—1/r _ Z bkx/\,,+1/p—1/r dx) (]3)
0 k=1

holds, where b, = a;Mi /g (k = 1,..., 5).
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Proof. We denote

s 3
gy =x"—ay— Y apM,  h(x)=x"1 =Y bl
k=1 k=1

Then, since g(1) = 0 and g'(x) = gh(x),

1= ([ 1sere ) = 1q1([]

Let « denote a real number satisfying 1 — I/r <a <1 -—1/r + 1/p.
(For example « == 1 — 1/r 4 1/(2p).) Using Holder’s inequality for r and
r' = rf(r — 1) we obtain

’ dx)l/p

[ 1 a

509 = | [ nenyav| = | [y v |

< Kyt (fl | yeh(pI" dy)l/r,

where
(= I, e
K= 21, ifr=1.
Therefore,
1 1 ?/r 1/p
r<tq & ([ s Ly af ) (14)

In (14) we apply for p* = p/r and

_ )y, ifx <y <1,
P ¥) = Jo, if0 <y <x,

the generalized Minkowski inequality for integrals, i.e.,

(J-Ol ‘ J-Ol cp(x, y) dy p* dx)llp* < j.: gj: | (p(x, y)[”' dxgl/p. dy, (15)
p* > 1(cf. N. I. Achieser [1, Sect. 5]). Then,
I<|ql K (J: U; L o(x, I dxsr/p dy)llr
1/r

=lal K (J‘Ol [ yeh( )" on ylr—1l=ra)p/r dxz”p dy\)
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Therefore, the inequality (13) follows immediately for
A=K+ (1 —o—1r)pr.

This concludes the proof of Lemma 3.
Now we can easily prove the inequality (10): For2 <p < wwand r = 2
we choose the coefficients b, (k = 1,..., 5) in (13) optimally. Then we define

a, = qhi/M (k= 1,....,5), a,=1—73 a,.
It follows from (13) that

s
— Ap+ —
xq+1/17 1/2 Z bkx w+1/p-1/2
k=1

E ), <] Ay ipf|

L .36

If we choose « = (4 + p)/(4 + 2p), then
A, = Qo — D121 + (3 — o) p)U7 = (1 + pj2)r/z+/»,

In (16) we apply the equality (8) and obtain (10). Thus, the proof of Lemma 2
is complete.

Combining the inequality (3) with the results of Lemma 1 and 2 we have
proved the following

THEOREM 1. Let A = {A}%_, be a sequence of distinct complex numbers
with positive real parts. Let s and n be any positive integers. Then, for
feL?[0,1],

E(f: D), < wo(f; n}{Cyy + Dy* - Ry(e) - Iy}, (17)
where
- : g — Ayl
L,= Y nt/5(e/q)e -, 18
2 eldr 15, 2 — e (18)
41, if2 <p< oo, 0, if2 < p < o,
Role) = L_(z—p’/(zp,, ifl <p <2, o) = 2e/p, ifl <p <2

(19)

C, and D,* are absolute constants, and « is any positive, sufficiently small
number.

Proof. We apply the inequality (3) together with Lemmas 1-2 and use
Stirling’s formula: g! > (27)1/2 g2+1/2¢—2, We notice that a,, == 0, as the
polynomial P, of Lemma 1 is even.
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2. UpPPER BOUNDS FOR THE DEGREE OF BEST APPROXIMATION

It seems to be impossible to give a reasonable general formula for the degree
of best approximation E,(f; A), which is valid for all sequences A simul-
taneously. Therefore we will examine the most important types of sequences A
separately. The proofs of these theorems, however, are very similar: we always
apply Theorem 1, where for a given integer s an appropriate integer » has
to be chosen. It will be very convenient to evaluate the products of (18) by
the following

LemMa 4. Let q and Re A, (k = 1,..., 5) be positive. Then for any & = 0

A | Re A

qu+z\ 57 S exP( (2q+8),§1 qz+|/\k|2+3Re/\k)' (20)

Proof. Let o, = Re A, . Then,

g — A <( g2+ | A |2 — 2goy )1/2
g+ X+ 38| SU@+H MR+ 2g + 8) oy

We apply the inequality (1 — x)/(1 + x) < e, x = 0, with

x = (2q + 8)ou/(q® + | A |2 + Sovz)
and obtain (20).

(A) Let the sequence A of complex numbers with positive real parts
satisfy the condition

[ Az | = Mk, | Az 12 > NkRed, (k=12,.), 21)
where M > 0, N > 0 are given real constants,

LemMMA 5. If (21) holds, there exists a constant By(M, N) such that for all
positive integers q and s, and 0 < 8 < 2,

I l q'i ;‘A—fi"a' m SBUN (g MR gy, (22)
k=1 k

where

k

P(s) = exp( g "[Be— ) (23)
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Proof. Let o, = Re A, . Applying (21) we obtain

u X X
,El( | An I? q2+‘\/\kl2+8ak)

> o‘ic(qz -+ 30%) s ‘]2/(Nk) + 6
< <
SLTRE@ T D~ 2 g+ R

< (3/2 + log(g/M))/N —+ 8/g* + dm/(2Mq). (24)
The inequality (22) follows immediately from Lemma 4 with B, <

exp(4 -+ 3/(2N) + 2#/M).
We are led to the following by Lemma 5.

THEOREM 2. Under the condition (21) there exists a constant K ( p, M, N)
such that for any fe L?[0,1],1 <p < o0, andany s > 1

E(f, D)y < Kowy(f; @(s)7Y), if0O<N <2, (25)
E(f; A), < Kaw,(f; (log ()™ @(s)™),  if N =2, (26)
where
N 0 if2 <<p < o,

"R =PI +4p) i1 <p <2,
and ¢(s) is defined by (23).

Proof. Let K; (j = 1,..., 4) denote positive numbers depending only on
p, M, N.

(@) Let 0 < N << 2. We choose € = 1 — N/2 and the integer »n such
that

n—1<K+N2o(s)¥ <n, where  K* = 2el+3/Npf-2/N,

Then, we obtain from Theorem 1 and Lemma 5 (with 6 = 2/p — d,(¢) = 0)

[ns < BlaM—S/N i nq+1/pq—q+(2q+a)/N(K*/z)q (P(S)»zq_ﬁ

q=2

< K Z qPIN2 (NP0 LKy,

q=2

since Njp —8 (N —2 +2¢)fp=0.
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Applying (17) and the property
wo(fivt) <+ Dwy(fit), v=0, =0, (27)

of the L? modulus of continuity, we obtain (25).

(b) Let N > 2. We choose € = min{l; (log (s))~1} and the integer n
such that

n— 1< K*%¢(s)® < n.

Then, from Theorem 1 and Lemma 5 (with 8 = 2/p — d,(¢) = 0)

n
Ly < Ky Y qo/N2-e2(@+1/P) (5)8p(©),

Since
(p(s)dp(e) < %7 and €uzy(q+1/p) < 6et,,(2+1/zo) _ (R,,(G))_l,
we have
L < Ky(Ry(e))? (28)
and from (17), (28), and (27) we obtain the inequality (26).

Remark. If A is a real sequence, the condition (21) is equivalent to
X = Nk (k= 1,2,...). Then o(s) = exp(Ts; 1/A,), and our Theorem 2
contains the main results of the above mentioned papers [2-4, 10, 14].
Compare also [5, 6].

(B) Let the sequence A of complex numbers with positive real parts
satisfy the condition

| A | = Mk, N2 NkRekd, (k=1,2.), (29)

where 0 << M <{ N < -0 are given real constants.

LEMMA 6. If(29) holds, there exists a constant By(M, N) such that for all
positive integers q and s, and 0 < 6 < 2,

8

1 2 < BlalMo)yeron (30)
k=1

Proof. Applying (29) we obtain

ul x dx

QU >L s
;c};‘l g*+ | A P+ Sy Nfl (a/M)? + {x + 8/(2N)}*

L 1o @IM) -+ {s + /2N
> a7 log (g/M)E {1 I 8N

and Lemma 4 leads us immediately to the inequality (30).

— SM~{(4qN?)
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From Lemma 6 we have the following.

THEOREM 3. Under the condition (29) there exists a constant Kg( p, M, N)
such that for any fe L?P[0,1], 1 <p < o0, andany s > 1
E(f, ), < Kpwy(f; 1/s), if0O<N <2, (31)
and
E(f; )y < Kgwy(f; {log(s + Dy*s7*™ ), if N =2, (32)
where

_ {0 if2 <p< oo,
C—p/2+4p) ifl<p<2

&p

Proof. Let K; (j = 1,..., 4) denote positive numbers depending only on
D, M, N.

(a) Let 0 < N << 2. We choose € = 1 — N/2 and the integer » such
that n — 1 < K*¥/2%s < n, where K* = 2eM~2/¥. Then, from Theorem 1
and Lemma 6 (with 8§ = 2/p — d,(e) = 0),

n
I, < B,M—%/N z RITL/Pg—at2a+8) [N( K * [} g—(20-+8) /N
=2

n
< Kl Z qS/Nz—qsl/p—:S/N < K2 ,
q=2

since 1/p — 8/N < (1 — 2/N + 2¢/N)/p = 0. Therefore, the inequality (31)
follows from (17) and (27).

(b) LetN = 2. We choose ¢ = min{l; (log(s + 1))71} and the integer n
such that

n—1< K* eV Lo,

Then, from Theorem 1 and Lemma 6 (with § = 2/p — d(¢) = 0)

n
Ins < K3 Z qB/Nz—!Ieap((H*l/P)sdp(s)/N. (33)

q=2

Consequently, we obtain

Ins < K4(RTJ(€))—19 (34)
since

sHIN < &2/ NP g oplatl/n) < eocp(2+1/1o) — (Rp(e))_l.
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Then, the inequalities (17), (34), and (27) lead us to (32), and the proof of
Theorem 3 is complete.

COROLLARY. Let A be a real sequence satisfying
Mk < A, < Nk k =1,2,.), (35)
where 0 < M < N < + oo are given real constants. Then inequality (31)
holds if N < 2 and inequality (32) holds if N > 2.

Proof. For real numbers A, the condition (29) is equivalent to (35) and
Theorem 3 is applicable.

(C) The sequences A in the preceding Theorems 2, 3 satisfy | A, | = Mk
(k =1, 2,...). Our method described by Theorem 1, however, is valid for
any sequence /1 of complex numbers with positive real parts. As an example,
for which the above property | A, | > Mk does not hold, we now discuss
complex sequences /1 with a finite limit point, i.e.,
igngo Ay = A%, Re A* > 0. (36)
LemMA 7. If (36) holds, there exist positive numbers By and ¢ depending
only on A such that for all positive integers q and s, and 0 < 8 < 2,
: g — Al _
2 < Byem08/4, 37
El g+ +81 ~7°
Proof. Let a* = Re A*. There exists an integer k, such that o) =
ReA, = a*2 and | X, | < 2[A*]| for all k > k,. Applying Lemma 4,
we obtain for all s == 2k,

Tola—Ad o la=Nl (_2 : o )
Ex|q+5k+3l\,ﬂllq+7\kl\ P qk02+1 RN
< exp(—q(s — ko) o*/(g* + 4| X* [2)) < e~c¥/g,

where ¢ << «*/(2 + 8 | A* |?). Therefore, (37) holds for all s = 1.

THEOREM 4. Under the condition (36) there exists a constant K depending
only on /A and p such that for any fe L?[0,1], 1 < p < oo, and any s = 1

E(f; D)p < Kew,(f; 57115, (38)
Proof. We choose € = 1 and the integer n such that
n—1 < {es/2}1/2 < n.
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Then, from Theorem 1 and Lemma 7 (with 6 = 2/p — d,(e) > 0),

n
Ins < By Y, ntti/o(e[q)? e=03/1 < By,

q=2

where B;' depends only on /. Therefore the inequalities (17) and (27) lead us
directly to (38), which concludes the proof of Theorem 4.

3. LowER BOUNDS FOR THE DEGREE OF BEST APPROXIMATION

We now want to show that the upper bounds obtained in Theorems 2, 3
are essentially best possible. (We conjecture that the upper bounds of
Theorem 4 for converging sequences / are also best possible, though we
cannot prove it.) No inverse theorems are given. Instead, we either test our
results by special functions f or apply some results of the theory of widths.

LemMmA 8. Let A be a sequence of complex numbers with real parts
exceeding —1/p. Then for any real number q > —1/p, q # 0, there exists a
number C( p, q) depending only on p and q such that for any s > 1

f l q— Ak |
EGud),>cl]—9=Ml <o (39
b2 Cll s 1= )
and
Ey(xt; 4), > Cetr-/em [ — 9 = 2! 2<p<oo, (40)

where € is any real number with 0 < e < 1.

Proof. (a) Let 1 <p < 2. For A,; = 0 we obtain from Lemma 3
(after simple substitutions)

|

541
xa—-l/2+1/p —a, — Z akxkk-—1/2+1/1)

=1

2

<|lg—12+1/p| A(p,2)

s+1
xq —_— Z bkx'\"
k=1

v

We are led to the inequality (39), if we choose b, (k = 1,..., s -+ 1) optimally
and apply (8).
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(b) Let2 < p < co. For any complex numbers g, , « = 1 — ¢ — 2/p,
and A, = 0 we have
1
(=
2 0

< (l _ cLr:)—ll(21")

2 dx)l /2

8
xa—a/z _ Z akxt\kvalz
k=0

s
xT— Y apx™
=0

>
»

= Y apxt
k=0

where we have applied Holder’s inequality for r = p/2 and r’ = p/(p — 2).
Since 1 — ar’ = ep/(p — 2), we obtain the inequality (40) if we choose a;
(k = 0,..., 5) optimally and apply (8).

In our next theorem we will apply Lemma 8 and demonstrate that the upper
bounds obtained in Theorem 2 for N > 2 are best or almost best possible,
at least for the functions g(x) = x, 0 < g+ 1/p < 1.

THEOREM 5. Let A satisfy (21) for an N = 2. Let q be a real number with
0 < g -+ 1/p << 1. Then for the function g(x) = x7, q +# 0, q¢ A,

E{g; 1), = Cy{log o(s)} "2 wy(g; (s)®), (41)
where
g, — 0, ifl1<p<2,
Pllp—22p),  if2<p<on,
and C, depends only on p, q, and A.

Proof. (a) As|A.| = Mk, there exists an integer k, (depending on M)
such that for all k > k,, | A, | > 10 and, consequently,

| Ax |2 — (4g + 28) o, — 8 > 0,
where
8~§2/p’ ifl1<p<2,
T R2pte if2<p< oo,

€ > 0 sufficiently small. Then we have

> g — Al - (S l)\klz—(4q+23)ak—8)1/2
-4 Tkl =
,ElqukHl (11 RHE

1 8
> Coonp (5 3, Tou(t — (4g + 29) ol W 19)
k=ky

= Cyp(s)*, 42)

k=,

if we apply (in the last inequality) the property | A; |2 > Nkoy, , where N > 2
and C,, C,, C, are positive numbers depending only on p, ¢, and A.
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(b) For 0 <g-+1/p<1, g+#0,1<p< o, we notice that the
L? modulus of continuity of g(x) = x? satisfies

wi(gst) < Cett/?, 0 <1<, (43)

for a positive number C,, which depends only on p and g. Therefore, if
1 < p < 2, we obtain from (39), (42), and (43) for & = 2/p the inequality (41).
If 2 < p < o, we choose € = {log (s)}™, § = € 4 2/p. Then we obtain
the inequality (41) from (40), (42), and (43), which completes the proof of
Theorem 5.

We have demonstrated in Theorem 5 that for each sequence A satisfying
(21) with an N > 2 we can find functions g(x) = x9, for which the upper
bounds (26) of Theorem 2 are best or almost best possible. However, it is
easy to find sequences /1 satisfying the condition (21) with 0 < N < 2 or (29)
with N > 2, for which the upper bounds (25) of Theorem 2 or (32) of
Theorem 3 are not best possible. The reason is that these conditions (i.e., (21)
with 0 < N < 2 and (29) with N > 2) are still too general. Therefore we are
content to show that the upper bounds (25) and (32) are best possible at least
for the special sequences A* as follows.

Let A* satisfy

| A | = Mk, M 2= NkRed, (k=1,2,.). 44
Then the conditions (21) and (29) are satisfied. We have

8 )\k
@(s) = exp (Z F;k E ) A SUN, (45)

Therefore, if N 2= 2, the upper bounds of (26) and (32) are identical and (32)
cannot be improved in the sense of Theorem 5. If 0 << N < 2, the inequalities
(25) and (31) are identical, i.e.,

E(f; 4%), < K4 sw,(f; 1/5). (46)

Finally, from results of the theory of widths we realize that the “rate of
convergence 1/s” in (46) for A* and in (31) for general sequences /A is best
possible in the function classes Lip (o, p) (i.e., the complex analog of
Lip(«, p)). We only have to consider the real and imaginary parts of the
functions f and the A-polynomials and apply the following.

IEMMA 9. Let 0 <a <1, 1 <p << 0. We denote A = Lip(a, p) =
{f<c L?[0, 11| f real valued, w,(f; t) < t*(0 < ¢ < 1)}. Then the sth widths of
the classes A are

d{A) ~ s, Cy))
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where the sth width is defined by
dy(A) = inf sup {inf || /'-— P}, (48)
X, fed Pex,

and X, denotes any subspace of the real L[0, 1] space of dimension s.

Proof. The proof of (47) for p = oo and further definitions and properties
of the width are described in G. G. Lorentz [11, Chap.9]. If | < p < o0,
we combine [12, Theorems 10 and 6 (inequality (4))] of G. G. Lorentz and
obtain

d(A) = Ks* (K is a positive constant).

The estimate of d,(4) from above follows, for instance, from (4) or (31).

Notes. 1. The method described in Theorem 1 also provides upper
bounds for the degree of best approximation for differentiable functions.
For more information see the author’s paper [6], where this problem has been
discussed in great detail for real sequences /.

2. Recently, the author [7] has announced results on Jackson-Miintz
theorems for intervals [a, 1], @ > 0. The details including complex exponents
A have been published in [19]. For positive intervals, the “singular” point
x = 0 has less influence. Therefore the approximation properties of many
sequences /1 are much better than for the interval [0, 1]. Substituting

x == et~ B, te[A, B], x € [a, 1],
we are led to the interesting equivalent problem where functions F € C[A4, B]
or Fe L?[A, B], [4, B] finite, are to be approximated by linear exponential
sums Yj_; aze.
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